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QUESTION 12

Consider the function f x x
x

x( ) =
+( )

≠ −2
1

12 , where .

(a) On the axes below, sketch the graph of y f x= ( ). Clearly show the axis intercept(s) 
and the vertical asymptote(s).
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(3 marks)

(b) Find the x-coordinate and the y-coordinate of the stationary point of f x x
x

( ) =
+( )
2
1 2

.

(1 mark)

Now consider the function g x x
x

x( ) =
+( )

≠ −3
1

12 , where .

(c) Find the x-coordinate and the y-coordinate of the stationary point of g x x
x

( ) =
+( )
3
1 2

.

(1 mark)
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(d) Complete the following table.

Function
2
1 2
x

x +( )
3
1 2
x

x +( )
4
1 2
x

x +( )
5
1 2
x

x +( )
x-coordinate of  
stationary point

y-coordinate of  
stationary point

(1 mark)

(e) Make a conjecture about the coordinates of the stationary point of the function

h x ax
x

( ) =
+( )1 2

,

x ≠ −1where  and a is a real number, a ≠ 0.

(1 mark)

(f ) Prove or disprove the conjecture you made in part (e).

(4 marks)
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QUESTION 13

Telephone calls to an enquiries line are placed in a queue and are answered in order 
by a single server. For this enquiries line, it is known that call time (T ), the time taken 
to complete a call, varies according to a distribution with a mean of =1 2.  minutes and 
a standard deviation of = 0 8.  minutes.

Let Tn represent the average call time for a random sample of n calls.

(a) The distributions of T T5 15and  are represented by the two histograms below:

Histogram A Histogram B

0 1 2 3 4
average call time (minutes)

0 1 2 3 4
average call time (minutes)

Which histogram (A or B) represents the distribution of T15? Give a reason for your 
answer. 

(1 mark)

(b) According to the central limit theorem, the distribution of Tn will be approximately normal 
if n is sufficiently large. 

Is n = 25 sufficiently large in this case? Give a reason for your answer.

(2 marks)
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(c) (i) Write down the mean and standard deviation of T25.

(2 marks)

(ii) Hence calculate P T25 1 32≤( ). .

(1 mark)

(d) The enquiries line has thirty calls in the queue. 

Calculate the probability that the thirty calls will be completed in 33 minutes or less.

(3 marks)
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QUESTION 14

A factory uses water during a 24-hour day. Each day the factory uses water in the same 
way. For each day, the factory’s rate of water use, t hours after midnight, can be modelled 
by the function

R t t t t( ) = − +( )0 001 48 5766 5 4.  litres per hour, where 0 24≤ ≤t .

The graph of y R t= ( ) is shown below (centre). The rate of water use for the days before and 
after is shown on either side, to illustrate the repeated nature of the rate of water use:

6
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(a) Determine R 10( ).

(1 mark)

(b) Determine the amount of water used during one day. Give your answer to four 
significant figures.

(2 marks)
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(c) To meet its water needs, the factory is supplied with water 
at a constant rate of 1820 litres per hour. When the factory 
is using less than 1820 litres per hour, the unused water is 
stored in a holding tank (as shown on the right) for times 
when the factory is using more than 1820 litres per hour.

(i) Show that this rate of supply is sufficient to meet the 
daily water needs of the factory.

(1 mark)
Source: © Epantha/Dreamstime.com

(ii) On the graph on page 28, represent the supply of water to the factory.
(1 mark)

(d) (i) Solve R t( ) =1820.

(1 mark)

(ii) Hence determine the interval(s) of time during each day when the amount of water 
stored in the holding tank is increasing.

(1 mark)

(e) During each day the amount of water in the holding tank varies between 0 and k litres. 

Find the value of k.

(3 marks)
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QUESTION 15

The life cycle of beetles consists of three stages, 
as shown in the diagram on the right:
• adult beetles lay eggs
• the eggs hatch into larvae
• the larvae mature into adult beetles.

A population of beetles is monitored for 26 weeks. 

The number of eggs in the population, in hundreds, 
after x weeks can be modelled by the function

f x e xx( ) = ≥− −( )5 00 5 3 2. , where .

The graph of y f x= ( ) is shown below. It has 
two inflection points, marked A and B.

adults

eggslarvae
Sources: Eggs © Inventori/Dreamstime.com.
Larvae © Vitaserendipity/Dreamstime.com. 

Adults © Aboikis69/Dreamstime.com.
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5

5

10 15 20 25

A B

(a) According to this model, after how many weeks is the number of eggs greatest?

(1 mark)

(b) Find the x-coordinates of the inflection points A and B.

(2 marks)
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The number of larvae in the same beetle population, in hundreds, after x weeks is to be 
modelled by the function g x( ). 
It is decided that a condition upon g x( ) will be that it has an inflection point at point C with the 
same x-coordinate as point B, as shown below:

O

y

x
5

5

10 15 20 25

A

C

B

(c) What does this inflection point condition upon g x( ) mean about the number of eggs 
and the number of larvae in the beetle population, according to these models?

(1 mark)

To model the number of larvae in a way that satisfies the inflection point condition, 
a function of the form g x x e kx( ) = −0 05 4. , where k is a positive real number, is to be used.

(d) Show that ′′( ) = − +( )−g x x e k x kxkx0 05 8 122 2 2. .

(4 marks)
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(e) Hence find the value of k that satisfies the inflection point condition. 

(4 marks)
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You may write on this page if you need more space to finish your answers. Make sure to label 
each answer carefully (e.g. ‘Question 8(a)(ii) continued’).
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QUESTION 16

A player plays a simple board game, using the board shown below:

1 2 3 4 5 6 7 8

The player is represented by a counter that is placed on square 1 at the 
start of a game.

A game consists of turns. In each turn the player rolls a die that returns an 
outcome of 1 or 2 with equal probability (three sides of the die indicate 1, 
and three sides indicate 2).

The player moves the counter the number of squares shown on the die. 
If the counter reaches a square where an arrow starts, the player then 
moves the counter to the square where the arrow ends. The player’s game 
ends when the player’s counter reaches the last square.

It can be seen from the board shown above that, if a counter is on square 1 at the start of a turn, 
there is a 0.5 probability that the player will roll:
• 1, resulting in a move to square 2
• 2, resulting in a move to square 3 and then to square 5, because of the arrow leading 

from square 3 to square 5.

(a) (i) If a counter is on square 2 at the start of a turn, which two squares could it be on 
at the end of the turn?

(1 mark)

(ii) State why a counter cannot be on square 3 at the start of a turn.

(1 mark)
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Let andA B= [ ] =1 0 0 0 0 0 0 0

0 0 5 0 0 0 5 0 0 0
0 5 0 0 0 0 5 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0

. .
. .

00 0
0 0 0 0 0 5 0 0 0 5
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1

. .

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥⎥
⎥
⎥
⎥
⎥
⎥
⎥

.

(b) How does row 2 of matrix B relate to your answer to part (a)(i)?

(1 mark)

(c) (i) Calculate AB.

(1 mark)

It is known that AB p q2 1
4
0 0 0 0 0= ⎡

⎣⎢
⎤
⎦⎥
.

(ii) Calculate AB2 and write down the values of p and q.

(1 mark)

(iii) What does the value of p represent?

(2 marks)
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(d) What is the probability that a player’s game will end within eight turns?

(2 marks)

A different board (shown below) is designed for the simple board game described on 
page 34:

1 2 3 4 5 6

(e) Write down matrices C and D so that CD n calculates the probabilities associated with 
the position of a counter after n turns.

(3 marks)
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(f ) Use matrices C and D to show that it is likely to take more turns for a player’s game 
to end with this board than with the board shown on page 34.

(2 marks)
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You may write on this page if you need more space to finish your answers. Make sure to label 
each answer carefully (e.g. ‘Question 8(a)(ii) continued’).
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You may write on this page if you need more space to finish your answers. Make sure to label 
each answer carefully (e.g. ‘Question 8(a)(ii) continued’).

© SACE Board of South Australia 2013
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You may remove this page from the booklet by tearing along the perforations so that you can refer to it 
while you write your answers.

LIST OF MATHEMATICAL FORMULAE FOR USE IN
STAGE 2 MATHEMATICAL STUDIES

Standardised Normal Distribution

A measurement scale X is transformed into a 
standard scale Z, using the formula

Z X

where  is the population mean and  is the 
standard deviation for the population distribution.

Con  dence Interval — Mean
A 95% con  dence interval for the mean  of a normal 
population with standard deviation , based on a 
simple random sample of size n with sample 
mean x , is

x
n

x
n

1 96 1 96. . .

For suitably large samples, an approximate 
95% con  dence interval can be obtained by using 
the sample standard deviation s in place of .

Sample Size — Mean

The sample size n required to obtain a 
95% con  dence interval of width w for the 
mean of a normal population with standard 
deviation  is

n
w

2 21.96 .

Con  dence Interval — Population Proportion
An approximate 95% con  dence interval for the 
population proportion p, based on a large simple 
random sample of size n with sample proportion

p X
n
, is

p
p p
n

p p
p p
n

1 96
1 1

. .1.96

Sample Size — Proportion

The sample size n required to obtain an approximate 
95% con  dence interval of approximate width w for a 
proportion is

n
w

p p2 1 96 1
2. .

(p  is a given preliminary value for the proportion.)

Binomial Probability

P X k C p pk
n k n k1

where p is the probability of a success in one trial 
and the possible values of X are k n0 1, , . . .  and

C n
n k k

n n n k
kk

n 1 1. . .
.

Binomial Mean and Standard Deviation
The mean and standard deviation of a binomial 

count X and a proportion of successes p X
n

 are

X np p p

X np p1 p
p p
n
1

where p is the probability of a success in one trial.

Matrices and Determinants

If then andA
a b
c d

A A ad bc=
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥ = = −det

A
A

d b
c a

1 1 .

Derivatives

f x y f x y
x
d
d

xn

e kx

ln x xelog

nxn 1

ke kx

1
x

Properties of Derivatives
d
d

d
d

x
f x g x f x g x f x g x

x
f x
g x

f x g x f x g x

g x

x
f g x f g x g x

2

d
d

Quadratic Equations

If thenax bx c x b b ac
a

2 0 4
2

2

+ + = =
− −


